In this paper, we are concerned with the existence and uniqueness of global smooth solutions to a viscosity problem for the compressible Heisenberg chain equations in one dimension. Furthermore, we prove the global existence of weak solutions when the parameter A tends to zero by compactness method.
Introduction
In this paper, we are concerned with the existence and uniqueness of global smooth solutions to the following periodic boundary value problem:
Z(x, 0) = Z 0 (x), Z(x + D, t) = Z(x − D, t),
where G(ξ) = A + B|ξ| 2 and ε, A, B, D > 0 are generic constants. If ε = 0, the above system is reduced to the compressible Heisenberg chain equations (see [5] ). Ding, Guo and Su [2] proved the existence of measure-valued solutions to the compressible Heisenberg chain equations. If B = 0, the system is reduced to the Landau-Lifshitz equations, one can refer to [3, 4, 6, 9] and their references for related topics.
There is a fact we will use in this paper: (1) is equivalent to the following form in the classical sense:
Note that if A = 0, (3) is in fact the one-dimensional heat flow of p-harmonic map with values into sphere and p = 4 by neglecting the last term Z × (G( Z x ) Z x ) x on the right hand side of (3), one can refer to [1] for the global existence of weak solutions to p-harmonic maps in multi-dimensions. The readers can also refer to [7] for related topics. We first establish the existence of local smooth solution to problem (1)-(2) by difference-differential method, and then give a priori estimates for such solutions to obtain the global existence of regular solutions for fixed ε = 1, positive A and B. Furthermore, observing that some basic energy estimates independent of A, we prove the global existence of weak solutions provided that A = 0. Let Ω = [−D, D]. Now we state the main results as follows.
Then for any given T > 0, problem (1)-(2) admits a unique global regular solution Z(x, t):
(Ω) and A = 0. Then for any given T > 0, problem (1)-(2) admits a global weak solution Z(x, t) such that
and (1) holds in the sense of distribution.
Local Smooth Solution
We need the following well known lemmas.
Lemma 2.1. ([8])
Let p be real number and j, m be integers such that 2 ≤ p ≤ ∞, 0 ≤ j < m. Then
C is a constant which is independent of u h and h, and
. . , ±J, · · · }, and u j+J = u j , v j+J = v j , we have
.
where ∆ + , ∆ − denote the forward and backward difference respectively.
To get the existence of local smooth solution of (1)- (2), we apply the differential-difference method. Our aim is to construct the local solution (in time t) of (1)-(2) as limits of sequence { Z h } when h tends to zero. We only consider the case ε = 1. Firstly, we establish the following difference-differential system:
where j = 0, ±1, ±2, . . . , ±J, · · · , h = 2D J , Z j = Z( jh, t), J > 0. It is clear that the initial value problem for ordinary differential equations (4)-(6) admits a local smooth solution. For such solution, we shall give some estimates uniformly in h and then get a local smooth solution to problem (1)- (2) . In this section we always denote a smooth solution of (4)-(6) by Z j , j = 0, ±1, ±2, · · · .
for all t and there are uniform constants T 0 > 0, C > 0 independent of h such that
Proof. Firstly, multiplying (4) by Z j , we obtain Z j · Z jt = 0, j ∈ Z. Then we have
Secondly, it follows from (4) that
It yields from multiplying (9) by G
h and then summing over j from 0 to J − 1 that
Therefore, we get
Then we have
Now we turn to get higher order estimates. Firstly, by noticing Z j (t) ∈ S 2 , we have from (4) that
Then we get the following lemma.
Proof. Taking the forward difference ∆ + of (13), multiplying the resulting equations by
, and then summing over j from 1 to J, we have
It yields from direct calculations, Lemma 2.2 and (8) that
Note that we can estimate the second term on the R.H.S. of III by the Cauchy inequality and (8)
In conclusion, we have from the above calculation, Lemma 2.1, and the Cauchy inequality that
where we have used the following interpolations
Following by Gronwall's inequality, we have there exist a T 0 > 0 independent of h, such that
Finally, by noticing that
Then we get (14) by (13), (18), (19), Lemma 2.3 and the Cauchy inequality.
By the similar method as in the proof of Lemma 2.3 and Lemma 2.4 and using the induction argument, one gets the following Lemma.
. There are constants T 0 > 0, C > 0 independent of h such that
From Lemma 2.5, a priori estimates for solutions to the differential-difference equation (4)- (6), we conclude that there exists a generic constant T 0 > 0 such that problem (1)- (2) admits a smooth solution in Ω × [0, T 0 ] by the standard procedure. This result is stated as follows.
. Then problem (1)- (2) admits at least one local smooth solution Z(x, t):
A > 0: Global Smooth Solution
In section 2, we have obtained a local smooth solution for (1)- (2) . In this section, we intend to prove the existence of global smooth solution to problem (1)- (2) by deriving the global (in time) estimates for given A and B. In the following, we always suppose Z(x, t) is a global smooth solution of problem (1)
(Ω), and suppose that Z(x, t) is a global smooth solution of problem (1)- (2). Then for any given T > 0, we have
Proof. Multiplying (1) by Z(x, t), we have Z(x, t) · Z t (x, t) = 0. This implies (22). Then differentiating (1) with respect to x, multiplying the resulting equation by G( Z x ) Z x , and then integrating it over Ω , we have
This implies the basic energy equality
Note that
This, together with (1), yields that
Observing that
Therefore, (25) follows.
Remark 3.2.
From the proof of (30), we have
It yields from the one dimensional Sobolev embedding
where c s is a Sobolev constant. If we assume that A < 1, then by using Lemma 3.1, (31) and (32), we can conclude that
where the generic constant C(B, c s , Z 0x W 1,4 ) is independent of A. This remark will be useful in the next section for the sake of establishing the global existence of weak solutions when A → 0.
In the following lemmas, denote by C the uniform constants depending on A and B, but independent of Z(x, t).
, and suppose that Z(x, t) is a global smooth solution of problem (1)- (2). Then for any given T > 0, we have
Proof. Differential (3) with respect to t, then multiplying the resulting equation by Z t and integrating it over Ω, one has
We get from the first term on the right-hand side of (35) that
For the second term on the right-hand side of (35), we have
where we have used Lemma 3.1, (32) and
L ∞ . We finally deal with the third term as follows, 
where ·, · represents the inner product in L 2 (Q T ) space. Thus we finish the proof of the claim. Finally, by the convergence (47)-(50), we can easily conclude that (1) holds in the sense of distribution.
